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ABSTRACT 
I 
Previous inves t iga t ions  have demonstrated the importance of the e f f e c t  
of l i n e a r l y  varying axial  o r  in-plane loading on the v ib ra t ion  c h a r a c t e r i s t i c s  
of beams and f l a t  p la tes .  It has already been establ ished t h a t  the problem 
reduces t o  solving f o r  the eigenvalues of a fou r th  order,  va r i ab le  coe f f i c i en t  
d i f f e r e n t i a l  equation t h a t  can not be solved i n  closed form. Beginning with a 
v a r i a t i o n a l  representa t ion  of the eigenvalue problem, methods a r e  discussed 
by which both upper and lower bounds fo r  the eigenvalues may be formed. 
t r u e  eigenvalues may thus be estimated as being bracketed by the upper and 
lower bounds which are shown to  approach each other ,  The bounds f o r  the 
eigenvalues may a l s o  be estimated by an averaging procedure which may o r  may 
not  compare favorably with t h e  t r u e  values depending on the values of the load- 
ing parameters. F ina l ly ,  numerical values for upper bounds, lower bounds, and 
average lumped end-load eigenvalues a r e  computed on an IBM 7090 Computer. 
The 
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I I 
I * -  
I a INTRODUCTION 
In  r ecen t  years  much a t t e n t i o n  has been given t o  the  e f f e c t  of l i n -  
ea r ly  varying a x i a l  o r  in-plane loads on the  v ib ra t iona l  c h a r a c t e r i s t i c s  of 
beams and p l a t e s .  This topic  is  of pa r t i cu la r  i n t e r e s t  i n  aerospace appl i -  
ca t ions  where i n e r t i a  and f r i c t i o n  drag forces manifest  themselves as ax ia l  
or in-plane loads, A de ta i l ed  formulation of t he  problem i s  the subjec t  of 
a p r i o r  NASA r epor t  by authors and is the  sub jec t  of considerable l i ter-  
a t u r e  (see r e f .  2 through 16). 
Formulation of the Problem 
As described i n  references (1) and (2), the  eigenvalue problem f o r  
both the  beam and the  rectangular  p l a t e  may be resolved, under c e r t a i n  re- 
s t r i c t i o n s ,  t o  a so lu t ion  of the ordinary d i f f e r e n t i a l  equation 
and the boundary condi t ions 
) - = o  du 
As 
a t  a simply (2) 
supported end 
a t  a clamped 
end l 
where 
I n  view of the  d e f i n i t i o n  of the parameter , it is clear t h a t  f o r  a 
given compressive d i s t r ibu ted  load w ,  the  following cases may occur: 
, 
~ 
1 , the  beam i s  e n t i r e l y  i n  compression * 
. I  
, t he  beam is  p a r t l y  i n  tens ion  and p a r t l y  i n  compression I 2, 0 )  k,-I 
, t he  beam i s  e n t i r e l y  i n  tens ion  s ince  the  t e n s i l e  and 
Load P1 is l a r g e r  than t h e  t o t a l  d i s t r i b u t e d  load L. 3, -lap 
1 
1 I n  the  last case, the  problem of e l a s t i c  s t a b i l i t y  does not exist .  
The determination of mode shapes and n a t u r a l  frequencies involves the  
so lu t ion  of the  d i f f e r e n t i a l  eigenvalue problem defined by eqs. (1) and (2). 
Varia t iona l  techniques (l) (2) f i n a l l y  reso lve  t h i s  t o  obtaining so lu t ions  t o  
the v a r i a t i o n a l  p r i n c i p l e  
I 
where K is the c l a s s  of functions c o n s t i t u t i n g  the  domain of d e f i n i t i o n  of 
the  operator A ,  and, hence, s a t i s f y i n g  both the  prescribed and the  n a t u r a l  
boundary conditions, and < a,v > denotes t h e  inner product between two 
functions u,v , where 
Equation ( 4 )  may be characterized by Courant’s maximum-minimum char- 
a c t e r i z a t i o n  ( r e f .  18, Chap. 111) given by 
where (p and belong t o  , where K, is  the  c l a s s  of ad- 
mis s ib l e  functions required t o  y only the prescribed boundary conditions,  




4, I n  resume, the s i t u a t i o n  is  as follows: i f  p is  such t h a t  buckling 
may occur, there  exists f o r  the given fa lue  of p a c r i t i c a l  value of t h i s  
d i s t r ibu ted  axial  load parameter, cyc 
the  p o t e n t i a l  energy is  equal t o  zero. For any value of cr less than Q , 
t he  p o t e n t i a l  energy i s  pos i t ive ,  and the beam has d i s c r e t e  na tu ra l  f r e h e n -  
cies whose square a r e  proport ional  t o  the eigenvalues of the operator  A, 
, for which the beam i s  unstable  and 
where 
(7) 
These eigenvalues are assumed to be ordered i n  the  non-decreasing 
sequences 
The eigenfunctions corresponding to  d i s t i n c t  eigenvalues are mutually orthog- 
onal,  and correspond t o  the  mode shapes of t he  beam. For a given value of 
t he  eigenvalues decrease. Buckling occurs when becomes equal t o  CY 
c y  f o r  which t h e  f i r s t  eigenvalue goes t o  zero. 
(3 , as a increases ,  the  numerator of the Rayleigh quot ien t  decreases and 
I n  the  next sec t ion ,  w e  review the methods used i n  t h i s  work t o  ob- 
t a i n  approximate solut ions.  
11. BOUNDS FOR EIGENVALUES 
There appear i n  the  l i t e r a t u r e  many niethods f o r  f inding bounds f o r  
Upper bounds are usually found without too many d i f f i c u l t i e s  eigenvalues. 
by the  Rayleigh-Ritz method, Lower bounds present  considerably more d i f f i -  
c u l t i e s ,  and it  can be s a i d  t h a t  no method having the genera l i ty ,  s impl ic i ty ,  
and success of the  Rayleigh-Ritz method ex i s t s  f o r  the  computation of lower 
bounds. The most s u i t a b l e  method usual ly  depends on the problem a t  hand. 
I n  t h i s  sec t ion ,  w e  review b r i e f l y  the  methods used i n  t h i s  
work i n  the ca lcu la t ions  of approximations t o  eigenvalues. They are the 
Rayleigh-Ritz method, t he  method of Kato, and the method of intermediate 
problems of Weinstein and Aronszajn, w i t h  some modifications introduced by 
Bazley and Fox. 
3 
t 
A ,  The Rayleigh-Ritz Method 
, 
t 
The Rayleigh-Ritz method f o r  numerical computations of approximations 
t o  eigenvalues has been used extensively and with g rea t  success i n  the  l i t e r -  
ature.* Consequently, i t  w i l l  only be out l ined  b r i e f l y  here. 
.The basic  idea of the method cons is t s  i n  determining the s t a t iona ry  
values of the Rayleigh quot ient ,  no t  over a l l  admissible functions u, but  
only over the l i nea r  manifold spanned by an a r b i t r a r y  set  of n l i n e a r l y  in-  
dependent functions {ui\  * s a t i s f y i n g  the  boundary condi t ions of the 
operator A .  The problem then cons i s t s  i n  f ind ing  the  funct ions u of the  form 
n 
i.e., i n  finding the constants C i ,  making the Rayleigh quot ien t  s t a t iona ry ,  
and the s ta t ionary  value of the quot ient .  
Raylcigh's quot ient  y i e lds  
Subs t i tu t ion  of Equat ion(S)into 
m 
( 9 )  
which i s  the r a t i o  of two quadrat ic  forms i n  the  n real var iab les  C1, C2, 
...Cn. I t s  s t a t iona ry  values can be obtained by f inding,  f o r  instance,  
the s ta t ionary  values of the quadrat ic  form i n  the numerator, subjec t  t o  
t he  auxi l ia ry  condition t h a t  the denominator be equal t o  one, and using 
the method of the Lagrange undetermined mul t ip l ie r .  The r e s u l t  is  the  
general  matrix eigenvalue problem 
* See, f o r  instance,  references 17, 18, and 19. 
The functions ui a r e  o f t en  ca l l ed  coordinate functions.  * 
4 
b 
4 Since the  class of admissible functions w a s  rest;r,icted t o  the  f i n i t e  
are upper-bounds 4 
A i  
9 himensional manifold, i t  follows tha t  the  eigenvalues 
f o r  the  eigenvalues of A, i.e., 
Furthermore, i t  follows t h a t  as n increases,  the  upper bounds are improved, 
o r  a t  least ,  no t  worsened. 
From a computational standpoint,  i t  is  advantageous t o  choose mut- 
u a l l y  orthogonal coordinate functions t o  avoid the  s o l u t i o n  of a general  
eigenvalue problem. Also, Equation(9)may b e  w r i t t e n  as i n  Equation(6)with 
t h e  funct ions (UL\ required t o  s a t i s f y  only the  prescr ibed boundary condi- 
t ions .  This  po in t  is  discussed i n  d e t a i l  i n  re ferences  18 and 19. The co- 
ord ina te  funct ions u t i l i z e d  i n  t h i s  work s a t i s f y  both the  prescr ibed and the  
n a t u r a l  boundary condi t ions,  as w i l l  be seen la ter .  
B. The Method of K a t 0  
The Rayleigh-Ritz method described above furn ishes  upper bounds f o r  
eigenvalues. The r e s u l t s ,  p a r t i c u l a r l y  for t he  f i r s t  eigenvalue, are usua l ly  
i n  agreement with the  exac t  eigenvalues for the  cases where the  l a t t e r  can 
be obtained. However, i n  general ,  the  question regarding the  closeness of 
t k s z  bcmds to the  t r u e  values  remains unanswered, although i n  some instances,  
an  estimate of the  e r r o r  is  possible .  One way 01 dctermizing h ~ w  good the  
approximations are is t o  compute a l s o  lower bounds. 
t o  the  upper bounds, the quest ion is  es sen t i a l ly  answered, 
Rato(22), which i s  an extension of Temple's method, furn ishes  lower bounds, 
provided rough estimates of the sought eigenvalues are known. This i s  out- 
l i ned  by Freidman (22, P. 212). 
* 
I f  these t u r n  out  c lose  
The method of 
C. The Method of Intermediate Problems 
The methods described i n  the  preceding two sec t ions  furnish'  upper and 
lower bounds f o r  eigenvalues. In  both methods, the  qua l i t y  of the r e s u l t s  
* 
See, f o r  instance,  re fe rence  21, p.  336. 
5 
depends strongly 
of the operator, 





on haw well the trial functions approximate the eigenvectorsC* 
Hence, both methods may require considerable ingenuity in 
the trial functions. Furthermore, for different sets of 
there is little prior knowledge of which set will give the 
best results. For these reasons, it is in order to consider also another 
method for the computation of the lower bounds. The method used here is the 
method of intermediate problem, which presents the advantage that the bounds 
can be improved. 
Quite a few years back, Weinstein (24) introduced the method of in- 
termediate problems, which gives improvable lower bounds by changing the 
boundary conditions of differential operators. Briefly, the method consists 
in relaxing the boundary conditions to obtain a solvable problem, the base 
problem, whose eigenvalues give rough lower bounds for the eigenvalues of 
the given problem. 
blem to the given problem is then introduced. 
be solved in terms of the base problem, and that they give improved lower 
bounds. The details of the procedure are exposed in references 17 and 25, 
In 1951, Aronszajn (26)pointed out that a base problem can be ob- 
tained by changing the differential operator, and indicated the method of 
construction of the intermediate problems. The solution of these intermed- 
iate problems requires the determination of the poles and the zeroes of a 
meromorphic function given in its partial fractions representations. 
a computational standpoint, the determination of the zeroes present many 
difficulties which have been removed in a disse tatio 
in a series of recent papers by Bazley and Fox 128-33p, These authors have 
applied their method to the determination of the eigenvalues of Schrodinger's 
equation and Mathieu's equation with excellent results. 
A sequence of intermediate problems linking the base pro- 
These are such that they can 
From 
by Bazley (27), and 
A more detailed resume of the Method of Kato and the Method of In- 
termediate Problems is given in Reference (2). 
specific application to the simply supported beam and the beam with built- 
in ends. These procedures are not particularly difficult in principle, but 
the calculations involved are somewhat laborious. 
Reference (2) also describes 
D, Lumped Constant End Load Approximation 
An approximation to the response of beams with distributed axial 
load may be accomplished by replacing the distributed load and its reaction 
with equal and opposite average end loads. This results in an ordinary lin- 
ear differential equation with constant coefficient which may be solved ex- 
actly in terms of trigonometric functions. A comparison of the eigenvalues 
calculated in this manner is made with the upper and lower bounds in the 
section on Results and Discussion. 
6 
111. RESULTS AND DISCUSSION 
Following the methods described above, upper and lower bounds fo r  the 
eigenvalues of the simply supported and clamped beam were calculated on an IBM 
7090 Computer i n  the Computation and Data Processing Center of the University 
of Pi t tsburgh.  The r e s u l t s  a r e  displayed i n  Tables I and I1 and Figures 1, 2, 
and 3, Upper bounds, lower bounds and lumped end-load eigenvalues a re  d i s -  
played f o r  a wide range of loading parameters CY and p . 
A, Simply Supported Beam 
The bounds f o r  the  f i r s t  f i v e  eigenvalues of the simply supported beam 
a r e  presented i n  Table I, 
B i t z  upper bounds and the lower bounds by the method of intermediate problems, 
the r a t i o  of t h e i r  d i f fe rence  t o  t h e i r  average has been computed and is a l so  
presented i n  Table I. 
easy t o  obtain,  it i s  i n t e r e s t i n 8  t o  compare the upper and lower bounds of the 
eigenvalues obtained by lumping ha l f  of the t o t a l  d i s t r ibu ted  load as  a con- 
s t a n t  load a t  each end. These r e s u l t s  are a l s o  included i n  Table I. 
To f a c i l i t a t e  the comparison between the Rayleigh- 
Since the eigenvalue of a simply supported beam a r e  
Analysis of the r e s u l t s  i n  Table I ind ica t e s  t h a t  the Rayleigh-Bitz 
upper bounds and the lower bounds by the method of intermediate problems re -  
main c lose  mer the whole range of a x i a l  loadings. 
f o r  the  f i r s t  eigenvalue. Only when the beam i s  extremely c lose  t o  buckling 
does the  r e l a t i v e  e r r o r  increase g rea t ly  as  a r e s u l t  of the smallness of the 
eigenvalues. 
higher, but, i f  necessary, it could be reduced ky eo-,sidering higher intermed- 
i a t e  problems. 
This i s  p a r t i c u l a r l y  t rue  
For eigenvalues of order higher than one, the e r ro r  i s  s l i g h t l y  
The lower bounds fo r  the f i r s t  eigenvalue by the method of Kato re -  
main c lose  t o  the upper bounds fo r  moderate loading, but drop of f  considerably 
a t  the loading increases.  Perhaps, t h i s  e f f e c t  might be a t t r i b u t e d  t o  the f a c t  
t h a t  a s  the  f i r s t  eigenvalue approaches zero, the choice a r b i t r a r y  t r i a l  var ia -  
t i ons  becomes more and more c r i t i c a l ,  For higher eigenvalues, t h i s  s e l e c t i o n  
i s  no t  a s  c r i t i c a l ,  aad consequently, the lower bounds remain c lose  t o  the 
upper bounds. 
unstable,  the Kato lower bounds eventually decrease as  the loading becomes very 
large,  and no explanation f o r  t h i s  behavior can be offered. 
However, i n  the cases where the beam can not  become e l a s t i c a l l y  
The eigenvalues of the  beam w i t h  lumped constant  end load a r e  remark- 
ably c lose  t o  those of t he  beam with d i s t r ibu ted  load f o r  compressive end 
th rus t s ,  i .e*,  f o r p > o .  For nega t ivep  , the  r e s u l t s  a r e  qu i t e  f a r  apar t .  
I n  p a r t i c u l a r ,  forp=-;5, the beam with d i s t r ibu ted  a x i a l  load may become 
e l a s t i c a l l y  unstable,  while the beam with lumped load can not  buckle, because 
i t s  net t h r u s t  is zero, Consequently, extreme care  should be exercised i n  the 
lumping OP the loads when they a r e  of opposite signs, 
7 
The e f f e c t  of tlie a x i a l  loads on the  f i r s t  frequency of t he  sirnply SUP- 
po r t ed  beam is shown i n  Figures  1 and 2 .  
f i r s t  frequency of the loaded beam t o  t h a t  of the unloaded bean as a f u n c t i o n  of 
the d i s t r i b u t e d  load p a r a i x t e r  a , as obtained by Kato 's  method and t h e  Ray- 
Ic igh-Ritz  method. The l o ~ r c r  bounds of t h e  method of i n t e rmed ia t e  problems a r e  
n o t  shown because t h e i r  curve p r a c t i c a l l y  co inc ides  w i t h  t h e  Rayleigh-Ritz c u r v e  
f o r  the s c a l e  used. 
t h e  r a t i o  of t he  fundamental frequency of t h e  loaded beam t o  t h a t  of t he  unloaded 
bea1,i as a funct ion of CY f o r  va r ious  va lues  o f  p . The curves were obtained 
by us ing  the average 01 the upper bounds and lower bounds by tlie nethod of i n t e r -  
rlicdiate problems. 
F igu re  1 r e p r e s e n t s  t he  r a t i o  of t h e  
The curves correspond t o  p = 0 . Figure  2 a l s o  r e p r e s e n t s  
The v a l u e s  of the c r i t i c a l  ax ia l  load ac are  given a t  the  i n t e r s e c t i o n  
of 'the frequency r a t i o  curve w i t h  the  h o r i z o n t a l  axis. The buckl ing loads ob- 
i 





t a ined  from graphs having a l a r g e r  s c a l e  than that of F igu re  2 conpai-e favorably 
~ r i t h  the  exact r e s u l t s  of Ty le r  and Rouleau (I1). 
c a t e  tnatO(c y 18.7 E I / ~  \r!lile Ty le r  and Rouleau's i .eSult  i s  gC = 18.763EI/L3 
For p =1.0 , we ob ta in  Wc??!  6.5 E I / L ~  
wliile the  exact ansirer is  M C  = 6 . 5 1 9 ~ 1 / ~ 3  and cor p =  - . 5 0  
a g a i n s t  t h e  exact r e s u l t  02 82.8819 e I/L3 . 
l y  c l o s e  enough f o r  e n t i n e e r i n g  a p p l i c a t i o n .  
Fo r  = o  , the  giap:lS i n d i -  
I 
3 
we l i a v e d c Y  8 3 € 1 / L  
The approximate va lues  a r e  c e r t a i n -  
B. Clamped Beam 
The bounds f o r  the i 'irst four  e igenvalues  of tile clamped bean are pre- 
s en ted  i n  Table 2.  The r a t i o  of t he  d i f f e r e n c e  between t h e  upper bound and t h e  
corresponding love;- bound by the nethod of i n l e imed ia t e  p r o b l e m  t o  iAcir  aver- 
age has a l s o  been coiiiputcd. Tile e igenvalues  of t h e  clainped bean c a r r y i n g  a con- 
s t a n t  enci load equa l  t o  ha l l  t h e  t o t a l  d i s t c i b u t e d  load and the  consixmt end 
load  are also presentcG i n  Table I1 t o  i n d i c a t e  f o r  what va lues  of the loading 
parameters t h i s  luroping i s  acceptable .  
Exainination of t he  r e s u l t s  i n d i c a t e  the  following: 
i )  
i i )  
iii) 
The lower bounds by the  method of i n t e rmed ia t e  problems a r e  
very c l o s e  to  the  Rayleigh-Ritz upper bounds f o r  a l l  eigen- 
va lues  and fo r  the  whole range of t he  loading parameters.  
The lower bounds by the  method of Kat0 p r e s e n t  t h e  same fea -  
t u r e s  demonstrated i n  the  simply supported beam c a l c u l a t i o n s :  
whenever tile loading i s  small, t he  bounds a r e  f a i r l y  good 
b u t  becoine worse as the  loads inc rease .  
The  eigenvalues of the beam w i t h  lumped end load a r e  f a i r l y  
c l o s e  t o  t h e  upper bounds f o r  moderate loading, p a r t i c u l a r l y  
f o r p >  0 . For nega t ive  va lues  of (3 , they can be q u i t e  
which t h e  beam w i t h  d i s t r i b u t e e  a x i a l  load may buckle wh i l e  
t h e  beam w i t h  lumped end load can no t .  
remote from t h e  upper bounds, p a r t i c u l a r l y  f o r p  f o r  
8 
. 
The e f f e c t  of the a x i a l  loads on the f i rs t  frequency of the clamped 
quency of the loaded beam t o  t h a t  of the unloaded beam as a funct ion of the 
a x i a l  load parameter CY f o r  various values of p . 
* beam a r e  shown i n  Figure 3,  which represents t he  r a t i o  of the f i r s t  f r e -  
I V .  CONCLUDING REMARKS 
Bounds fo r  the eigenvalues of a simply supported and a clamped beam 
carrying l i nea r ly  d i s t r ibu ted  axial loads have been presented. 
f i c u l t y  i n  problems of t h i s  nature  arises from the f a c t  t h a t  the governing 
d i f f e r e n t i a l  equation has a varying 'coeff ic ient  which usual ly  prevents one 
from obtaining exact solut ions.  Upper bounds were e a s i l y  obtained by the 
Rayleigh-Ritz method. Lower bounds by the method of Kato were a l so  easy t o  
obtain.  I n  both methods, the closeness of the  r e s u l t s  t o  the  t r u e  eigen- 
values depends on the qua l i t y  of the coordinate functions.  It appears t h a t  
fo r  moderate loading, the eigenfunctions of the unloaded beams were good co- 
ordinate  functions,  as our r e s u l t s  indicate.  
The main d i f -  
The lower bounds computed by the  method of intermediate problems were 
very c lose  to  the upper bounds, both f o r  the simply supported and the  clamped 
beam. The modifications introduced by Bazley and Fox el iminate  the  computa- 
t i o n a l  d i f f i c u l t i e s  which prevented extensive use of the method of intermed- 
i a t e  problems. 
For engineering appl icat ions,  i t  appears t h a t  lumping the axial loads 
gives eigenvalues t h a t  a r e  la rger  than the t r u e  eigenvalues, and t h a t  ca re  
must  be exercixed whenever the d is t r ibu ted  load and the constant  end t h r u s t  
a r e  of opposite s igns.  
I m p e d  end load problem can be q u i t e  remote from the ac tua l  c r i t i c a l  loads. 
I n  t h i s  case, the buckling loads predicted by the  
The present  research could be extended t o  the considerat ion of beams 
with o ther  boundary conditions,  c lose r  determinations of the buckling loads, 
and the methods used here can be applied t o  other  problems giving r i se  to  
d i f f e r e n t i a l  equations with va r i ab le  coef f ic ien ts ,  such as i n  the problems 
of the determination of na tu ra l  frequencies and buckling loads of beams of 
varying cross  sec t ions ,  p l a t e s  with varying in-plane loads, and plates of 
non-uniform thickness,  t o  mention a few. Information of t h i s  nature  would be 
valuable t o  designers,  pa r t i cu la r ly  i n  the Aerospace industry.  
9 
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